We analyze the influence of thermal effects on the polarization-resolved light-current (LI) characteristics of verticalcavity surface-emitting lasers (VCSELs). We use a model that is an extension of the spin-flip model incorporating material gain that is frequency and temperature dependent, and a rate equation for the temperature of the active region, which takes into account decay to a fixed substrate temperature, Joule heating and nonradiative recombination heating. The model also incorporates the red shift for increasing temperature of the gain curve and of the cavity resonance. The temperature sensitivity of the lasing threshold current is found to be in good qualitative agreement with observations and with previous reports based on detailed microscopic models. The temperature dependence of the polarization switching point, when the dominant polarization turn off and the orthogonal polarization emerges, is characterized in terms of various model parameters, such as the room-temperature gain-cavity offset, the subtracte temperature, and the size of the active region.
Introduction
Vertical-cavity surface-emitting lasers (VCSELs) have great potential as inexpensive light sources for high-speed fiber-optical communication systems because they allow direct fiber coupling and provide high beam quality with longitudinal single-mode output power at wavelengths of interest for data links and optical fiber technologies [1, 2] .
Much effort has been done towards the development of long-wavelength VCSELs (λ ≥ 1.3 μm), to meet the requirements for communication standards such as 10 Gigabit Ethernet. In contrast to 850 nm VCSELs, that are designed such that the gain peak and the cavity resonance are nearly aligned at room temperature, long-wavelength VCSELs have a relatively large spectral detuning between the gain and the cavity resonance at room temperature. This has the drawback of increased temperature sensitivity, and over the past decade there have been numerous studies devoted to understanding the thermal characteristics of VCSELs, for designing and for optimizing their performance [3, 4, 5] .
VCSELs often present polarization instabilities that can be related to variations of the active region temperature with increasing injection current. The output of a VCSEL is usually linearly polarized along one of two orthogonal directions associated with crystalline or stress orientations. When the VCSEL begins to lase, one linear polarization dominates, and when the injection current is increased, in many devices the emission switches to the orthogonal linear polarization [6, 7] . The polarizations, referred to as x and y, are associated with the same longitudinal mode, and near threshold, with the same transverse mode. Bistability, hysteresis and stochastic noise-induced switching have been observed near the polarization switching (PS) point [8, 9, 10] .
Since the polarizations are split by the material birefringence (the spectral splitting typically being of the order of GHzs), they also have slightly different gains. A thermal mechanism has been proposed for explaining the PS [7] : as the current increases, device heating induces a redshift of both, the gain curve and the optical frequencies of the linear polarizations; however, the gain curve redshifts faster, and there can be a change of sign of the gain difference between the x and y polarizations, causing a polarization switch.
A non-thermal mechanism was proposed within the context of the spin-flip model (SFM) [11] . In this model the x and y polarizations are associated with phase-locked states of the two circularly polarized components of the optical field, E ± , with a phase difference equal either to 0 or to π. The initial polarization preferred at threshold is determined by the difference in gain-to-loss ratios; however, as the injection current is increased, this difference can be overcome by a change of stability of the phase locked states, resulting in a polarization switch.
In Ref. [12] the SFM model was extended to incorporate a frequency-dependent susceptibility, and thermal effects, which were incorporated through the temperature dependence of the detuning between the cavity resonance and the gain peak. The susceptibility of the quantum-wells (QWs) was described by an analytical expression, which involves a certain number of simplifications, such as low temperature, quasi-equilibrium carrier distributions and parabolic bands. Two types of PS were investigated, occurring when scanning the injection current at constant gain-cavity detuning, and when scanning the detuning at constant injection. The latter was termed thermally induced PS, because an increase of the temperature causes a redshift in different amounts of the cavity resonance and the gain spectrum. The model was employed in [13] to investigate two frequency emission near threshold, where the laser operates in a partially polarized state, giving a good agreement with the experimental observation of anticorrelated dynamics at low frequencies and correlated dynamics on the time scale of relaxation oscillations.
Our approach for incorporating thermal effects in the SFM model differs from that of [12, 13] in two aspects. First, we consider a simpler expression for the QWs susceptibility: the optical gain is assumed to be a Lorentzian in frequency space, and the associated dispersion is represented by the well-known linewidth enhancement factor. Second, we use a rate equation for the active region temperature, proposed in Refs. [14, 15] , which allows for a dynamic description of temperature variations, taking into account the decay rate to a fixed substrate temperature, Joule heating, and nonradiative recombination heating. Key parameters of the model are the substrate temperature, the RT gain-cavity spectral detuning, the temperature decay rate, and the active region size.
A main conclusion of our study is that the dependence of the polarization switching point, I PS , on the substrate temperature, T s , and on the RT gain-cavity offset, δ 0 , is as that of the threshold current, I th , having both a parabolic-like variation. Higher sensitivity of I PS to temperature variations is found for parameters corresponding to small birefringence. We also find that the substrate temperature not only modifies the PS point: for sufficiently high temperature, a second PS appears during the thermally driven power-shutoff. With increasing temperature the PS points change, and at a certain temperature, both PSs abruptly disappear. To the best of our knowledge, the occurrence of a second PS near the thermally induced roll-over, and the PS suppression at high enough temperature, have not been reported previously.
In spite of the model simplifications, the dependence of I th with T s and with δ 0 is found to be in good qualitative agreement with that found using sophisticated models, which take into account the specific structure of the VCSEL, a detailed microscopic calculation of the QWs susceptibility and thermal processes [16, 17, 18, 19, 20, 21] . Thus, another conclusion of our study is that, while a quantitative agreement with the observations can only be achieved by modeling the details of the VCSEL structure and of the QWs susceptibility, a good qualitative understanding can be achieved by using simpler models.
A limitation of the model proposed here is that it does not take into account spatial effects, because it assumes that the orthogonal linear polarizations are emitted on the fundamental transverse mode. This is particularly important well above threshold, where laser output is emitted in several high-order transverse modes, and Joule heating has been shown to be a dominant mechanism in determining the transverse mode formation [19, 22] . However, the model can be easily extended to incorporate multitransverse-mode emission, diffusion of carriers and temperature gradients in the active region.
This paper is organized as follows. Section 2 describes the model. First we introduce briefly the original SFM model, and then modify the model to incorporate temperatureand frequency-dependent optical gain, and a rate equation for the temperature of the active region. Results of simulations are presented in Section 3, where we study the dependence of the threshold current, I th , and of the PS point, I PS , with respect to various model parameters. The results are compared with experimental observations and numerical simulations previously published in the literature. A summary and a discussion is presented in Section 4.
Model

Spin-flip model
The four-level spin-flip model describes the optical field in the laser cavity in terms of the slowly-varying complex amplitudes of the two circularly polarized components of the field, E + , and E − , which multiply carrier waves taken to be of the form e iω c t , with the reference frequency ω c being that of a longitudinal mode. Because the cavity modes red-shift with the active region temperature, ω c is temperature dependent, as described below.
The complex amplitudes, E + and E − , are coupled to two carrier populations, N + and N − , that have opposite spin orientation. The rate equations are [11, 12, 27] :
In Eq. (1), k is the field decay rate [τ p = 1/(2k) being the photon lifetime], α is the linewidth enhancement factor, and the parameters γ a and γ p represent linear anisotropies, dichroism and birefringence respectively. Their effects become clear re-writing Eq. (1) in terms of the linear orthogonal polarization components,
where
gives the x polarization higher losses (lower frequency) than the y polarization. The last term in the r.h.s. of Eqs. (1) and (3) takes into account spontaneous emission noise, with β sp being the noise strength and ξ ± , ξ x,y , Gaussian white noises. In Eq. (2), γ N is the carrier decay rate [τ N = 1/γ N being the carrier recombination time], γ j is the spin-flip rate, which accounts for the mixing of carrier populations with opposite spin, and μ is the pump parameter, which is normalized such that, when γ a = 0 the threshold is at μ th = 1.
The model has steady-state solutions that correspond to linearly polarized states, x and y, which are associated to phase-locked states of E + and E − . For the linear polarizations the circularly polarized components have equal amplitudes and frequencies, E ± = Ee i(ωt±φ /2) ; the phase difference is either φ = 0 (x polarization) or φ = π (y polarization); and the carrier densities N + and N − are balanced (N + = N − = N and n = 0). The frequencies of the linearly polarized solutions, with respect to the reference frequency ω c , are: −γ p + γ a α (x polarization) and γ p − γ a α (y polarization).
Extended model
In Eqs. (1) and (2) the gain bandwidth is neglected: the gain varies linearly with the carrier density, G ± = gN ± , with the coefficient g, being equal to 1 because of the normalization of N + and N − : in the Appendix we show that N = (N + + N − )/2 is the difference between the carrier density and the transparency value, normalized to that difference at threshold [11] .
To take into account thermal effects, we need to incorporate a frequency-dependent gain that red-shifts with increasing temperature, and we need to take into account the fact that the cavity mode frequency, that is the reference frequency ω c , also red-shifts with temperature. This can be done by including in Eqs. (1) and (2) a gain coefficient that is frequency and temperature dependent:
Here ω ± are the angular frequencies of E ± , that can be calculated self-consistently as
, and T is the temperature of the active region.
Optical gain
A lot of research has been done in order to model the optical gain with empirical analytical functions of the carrier density, the emission frequency (or wavelength) and the temperature [17, 23] . Here, for the sake of simplicity, the gain coefficient is approximated by a Lorentzian in the frequency space [24] , with the gain peak and the gain bandwidth being temperature dependent:
where T 0 is a reference temperature (chosen to be the room temperature);
is the detuning of the gain peak at ω g from the cavity mode at ω c , and
is the gain bandwidth.
The gain peak variation with the active region temperature is given bȳ
where ε 0 g = 1.52 eV, α = 5.405 × 10 −4 eV/ 0 K and β = 204 0 K are typical values for GaAs-based VCSELs [25] .
The refractive index is assumed to vary linearly with temperature, at a rate given by dη/dT , and thus the cavity mode frequency, ω c , redshifts with temperature as where λ 0 and η 0 are the wavelength and the refractive index at temperature T 0 . Typical values for VCSELs emitting at λ 0 = 850 nm are η 0 = 3.41 and dη/dT = 2.8 × 10 −4 0 K −1 [23] . These parameters result in wavelength variations of dλ g /dT ∼ = 0.27 nm/ 0 K and
The gain bandwidth is assumed to increase with the square root of temperature [17] : We remark that the optical gain model is valid when the emission wavelength is not too far from the gain peak (about ±15 nm), because the gain curves obtained from QWs microscopic theory are rather flat. We verified that the results presented in the next section are robust and independent of the precise shape chosen for the gain curve.
Because we aim at keeping the model as simple as possible, we chose this phenomenological level of description that does not take into account, for example, the asymmetry of the gain curve. The gain asymmetry is particularly important for large gain-cavity offset and can eventually be included in the model, for example, by considering a more refined susceptibility [12] , or by considering different shapes for the gain curve in the short and in the long wavelength sides.
Temperature rate equation
To complete the model we need an equation for the temperature of the active region. We use a phenomenological rate equation [14, 15, 25, 26] ,
where the terms in the r.h.s. take into account: (i) relaxation to a fixed substrate temperature T s , with relaxation rate γ T .
(ii) nonradiative recombination with fixed rate γ N ; N is the carrier density and c q is the specific heat of the active medium, (iii) Joule heating, where J is the injection current density and S, V t and R are the cross section, the total volume, and the total ohmic resistance of the device.
To use this equation we need to relate the carrier and current densities, N and J , to the dimensionless carrier variable N = (N + + N − )/2 and to the pump parameter μ of the spin-flip model. We do this in the Appendix, where we show that
where K = τ p v g ΓaN 0 is a dimensionless parameter, with v g being the group velocity, Γ the longitudinal confinement factor, a the differential gain, N 0 the transparency carrier density, and J 0 = γ N eL a N 0 , the current density needed to achieve transparency, with e being the electron charge and L a the active region thickness. Equations (10) and (11) are as Eqs. (20) and (21) in [27] , where gain nonlinearities due to spectral hole burning were incorporated in the SFM model. Using Eqs. (10) and (11) to substitute N and J into Eq. (9), we obtain:
where Z = γ Nh ω c N 0 /c q and P = RS 2 J 2 0 /(c q V t ). For simplicity, the temperature dependence of Z, P, and K, and the dependence of R on the injection current, are neglected.
Results
We simulated the model equations [Eqs. (4), (5) and (12)] with initial conditions corresponding to transparency: μ = 1, N + = N − = 0, and E ± at the noise level (the real and imaginary parts of E ± were set to small random values). The initial value of the substrate temperature was the solution of Eq. (12) at transparency, T = T s + (Z + P)/γ T . It should be noticed that, in order to calculate dE ± /dt from Eqs. (4), (5), one needs to know ω ± (to calculate the gain), and to calculate ω ± , one needs to know dE ± /dt,
. Thus, we start the simulations with the laser off (at transparency) and chose an initial arbitrary value of ω ± . We verified that the results of the simulations were robust with respect to this initial value. Due to spontaneous emission noise, the frequencies ω ± fluctuate rapidly, and because the active medium has a finite response time, the values of ω ± used to calculate the optical gain, Eq. (6), were averaged over a short time interval (of 0.1 ns). When the laser turns on, the numerical values obtained for ω ± are as those in the original SFM model: when the emission is cw x polarized ω ± = −γ p + αγ a ; when is y polarized ω ± = γ p − αγ a . This is due to the fact that the cavity frequency, ω c , is temperature dependent, but the spectral detuning between the linear polarizations and ω c (due to linear cavity anisotropies, represented by the parameters γ a and γ p ) is temperature independent.
The parameters used in the simulations are summarized in Table I , and are kept constant unless otherwise stated. For the VCSEL structure and for the parameters of the standard semiconductor laser rate equations (τ p , τ N , α and β sp ) we use the values reported in Ref. [28] , where a detailed experimental parameter characterization was performed. Since in [28] polarization and thermal effects were not investigated, other model parameters are estimated in the following way:
1) The linear cavity anisotropies, γ a and γ p , are set to values appropriate for studying polarization switching in large and in small birefringent VCSELs. For large birefringence the PS occurs from the high-frequency (y) to the low-frequency (x) polarization, and has been referred in the literature as type I PS; for small birefringence the PS is from the low-frequency (x) to the high-frequency (y) polarization, and has been referred to as type II PS. Unless otherwise stated, results are presented for type I PS with parameters γ a = 0.4 ns −1 and γ p = 60 rad/ns. 2) For the spin-flip rate, γ j , the values employed in the literature vary in a wide range: γ j = 10 − 1000 ns −1 depending on the temperature and on the active region medium [29, 30] . For the sake of simplicity we assume that γ j varies linearly with the temperature: γ j = 10 ns −1 at T = 10 0 K; γ j = 70 ns −1 at T = 300 0 K. We chose this range of values not only because is typically employed in the literature [11, 13, 30, 31] , but also, because in this range of γ j there is polarization switching in a wide region of parameters. A detailed characterization of the influence of γ j is in progress and will be reported elsewhere.
3) The thermal model parameters [γ T , c q , and R in Eq. (9)] are set to values that are consistent with those reported in the literature for GaAs-based VCSELs. For the specific heat, c q , references are given in Table I ; for the ohmic resistance, R, values are estimated from Ref. [32] , where the differential resistance at 50% of maximum power was found to be in the range 190 − 60 Ω for VCSELs with aperture diameters of 2 − 10 μm. The temperature decay rate, γ T , is adjusted to fit experimental measurements of (i) the threshold current, I th , and (ii) the thermal resistance, R th [32, 33, 34] , which is defined as R th = ΔT /ΔI, where ΔT is the temperature rise due to an increase of the injection current ΔI. Both, I th and R th , depend on the VCSEL size, and in order to fit this dependence, not only the ohmic resistance, R, but also the temperature decay rate, γ T , has to decrease with the device size.
Values reported in the literature are in the range R th = 15− 3 0 K/mA [32, 33] and I th = 0.23 − 0.80 mA [32] for VCSELs with aperture diameters of 2 − 10 μm. is consistent with these values. The values used for R and γ T are indicated in the right vertical axis of Fig. 2 (a) and 2(b) respectively. The shape of the LI curve, shown in Fig. 3 for two different aperture diameters, is also consistent with experimental measurements (see Fig. 2 of [34] ). We speculate that a better quantitative agreement can be obtained by including in the model spatial effects, such as current leakage, carrier diffusion and temperature gradients. In Figs. 2 and 3(a), 3(b) , the substrate temperature and the RT gain-cavity offset are kept constant (T s = 0 0 C and δ 0 = 0 nm). In the following, δ 0 and T s are varied while the device size is kept fixed (results are presented for a 10 μm-diameter VCSEL). First, let us show that the variation of the thermal roll-over characteristics with the substrate temperature, displayed in Fig. 3(c) , is in good qualitative agreement with observations and with simulations of detailed microscopic models (see, e.g., Figs. 17, 19 and 21 of Ref. [17] ).
When looking at the polarization-resolved LI curve, Fig. 4 , one notices that the substrate temperature not only modifies the lasing threshold and the roll-over characteristics, but also the PS points. For low temperature only one PS occurs and no roll-over behavior is seen (the LI relation is linear until the laser abruptly switches off). At an intermediate temperature a second PS appears during the thermally driven power-shutoff. As T s increases the two PS points move, and at a critical temperature both PSs abruptly disappear.
A polarization switching occurring when the total output power starts to decrease was observed experimentally in [35] ; it was also observed the suppression of this PS for sufficiently high substrate temperature. However, the structure of the device investigated in [35] is different from that considered here: it consists of a monolithic composite-resonator vertical-cavity laser composed of three distributed Bragg reflectors that separate two identical optical cavities. To the best of our knowledge, in conventional VCSELs, the occurrence of a second PS near the thermally induced power roll-over, and the PS suppression at high enough temperature, have not been reported before. In [35] , the mechanism causing the PS in the region of the thermal roll-over was interpreted as due to increased absorption (caused by self-heating effects); and the PS suppression at high enough substrate temperature, as due to decreased absorption at longer wavelengths (the gain and cavity resonance both shift to longer wavelengths, but the gain shifts faster). Here, we interpret the appearance of a second PS during the power roll-over, and the PS suppression at high temperature, in a similar way, as caused by temperature-induced changes in the different gain-to-loss ratios of the two polarizations. The variation of the lasing threshold current, I th , with the substrate temperature is displayed in Fig. 5(a) , for various values of δ 0 . The parabolic-like dependence of I th is also in good agreement with observations and with simulations reported in the literature (see, e.g., Figs. 1 and 3 of Ref. [21] ). The injection current at which the PS occurs, I PS , also presents a parabolic-like dependence with T s , as shown in Fig. 5(b) . Fig. 6 , where is observed that the temperature sensitivity is larger for small γ p , the parabolic variation being more pronounced.
Finally, let us discuss the effect of the speed of the current ramp. Previous figures were all done with the injection current varying linearly from the transparency value, 1 mA, to 30 mA in a time interval ΔT = 20000 ns. As shown in Fig. 7 , with a much faster ramp thermal effects do not play a significant role, as there are no differences with simulations of the original SFM model. Thermal effects play a role with a slow current ramp: the slower the ramp, the sooner and the more abruptly the laser switches off.
Summary and Conclusions
We proposed a modification of the spin-flip model, which incorporates thermal effects in a simple and computationally efficient way, allowing for a dynamic description of temperature variations. The model includes a rate equation for the active region temperature, which takes into account the decay rate to a fixed substrate temperature, Joule heating, and nonradiative recombination heating. The model also takes into account the thermal red-shift of both, the gain peak and the cavity resonance. Spatial effects such as carrier diffusion and temperature inhomogeneities were neglected, but can be easily incorporated in the model.
The dependence of the lasing threshold and of the shape of the LI curve on various model parameters, despite the strong simplifications of the model, is in good qualitative agreement with results obtained from simulations of models that take into account the detailed VCSEL structure, as well as microscopic light-matter interactions.
We found that the dependence of the polarization switching point, I PS , on the substrate temperature, T s , and on the RT gain-cavity offset, δ 0 , is parabolic-like, similar to that of the threshold current, I th , for both types of PS (for small and for large birefringence). Higher temperature dependence of the PS point was observed for small birefringence. In the high temperature region we found that the PS can be completely suppressed, while for intermediate temperatures, a second PS can occur during the thermally induced power switch off. To the best of our knowledge, this behavior has not yet been observed and we hope that our results will stimulate further studies.
Our model can also be employed to investigate the polarization properties of the novel spin-VCSELs [36, 37] , that demonstrate an impressive threshold reduction at room temperature in commercial VCSELs by the injection of spin-polarized electrons. In these devices the spin relaxation time is a key parameter, and a detailed characterization of the influence of the temperature dependence of the spin-flip rate is important; this study is in progress and will be reported elsewhere.
noise, from Eqs. (1) and (2) we obtain
Next, we compare with the usual single-mode semiconductor laser equations, which in their simplest form are [38] :
where E is optical field, N is the carrier density, N 0 is the carrier density at transparency, τ p = 1/(2k) is the photon lifetime, v g is the group velocity, Γ is the longitudinal confinement factor, a is the differential gain, J is the injection current density, e is the electron charge and L a is the active region thickness.
Comparing (15) with (13) we obtain
The threshold condition is given by
and using Eq. (17) we see that:
i.e., N is the difference between the carrier density and the transparency value, normalized to that difference at threshold [11, 28, 27] . Comparing (16) and (14) and using (17) we obtain:
Defining K = τ p v g ΓaN 0 and J 0 = eL a γ N N 0 , (17) and (20) can be simplified to
